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Abstract 
In the paper two (a local and an expanding) inductive definitions of the class of all simple 
connected bipartite cubic graphs are given. 
0. ~n~~uction 
We shall use the notions and notations from [l, 31. 
An inductive definition of a class Cn(S?‘; 9) is local iff for each rule from 9 the part 
of the graph on the left side of the rule is connected; and is expcrnding iff the application 
of each rule increases the size (number of vertices, number of edges, .. .) of the graph. In 
the paper two (one local and one expanding) inductive definitions of the class of al1 
(simple, connected) bipartite cubic graphs are given. There already exist inductive 
definitions of the following subclasses of this class: 
l planar bipartite cubic graphs [l]; and 
l planar j-connected bipartite cubic graphs [2,4,6]. 
1. Local inductive definition of the class of bipartite cubic graphs 
Theorem. The inductive class Cn(K,, 3; Pl, P2) (see Fig. 1) is equal to the class GfB cfall 
(simple, connected) bipartite cubic graphs. 
Proof. Because the basic graph K3,3 is a bipartite cubic graph and the rules 
Pl and P2 preserve both properties, by inductive generalization 4=Cn(K3, 3; 
Pl, P2)c:%?,. 
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Fig. 1. Basic graph and generating rules. 
To prove that also gxB c 9 we must show that every bipartite cubic graph G # I(,, 3 
can be reduced by the inverse rules Pl- and PZ- to a smaller (number of vertices) 
bipartite cubic graph. 
It is well known that a regular graph of odd degree r 2 3 which has a bridge cannot 
be bipartite. Therefore each connected cubic bipartite graph is 2-connected. 
Let G # K3, 3 be any bipartite cubic graph. Because it is 2-connected it contains at 
least 
(A) 
(B) 
(BI) 
(B2) 
one cycle. Let r be one among the shortest cycles. There are two possibilities: 
The length Irl of cycle F is greater than 4. By repeatedly applying the trans- 
formation P2- represented in Fig. 2, because 1 r’/ = 1 F I- 2, we obtain a cycle of 
length 4. 
Cycle r is a 4-cycle. We have the situation represented in Fig. 3. Note that 
unrestricted application of the rule Pl- can produce multiple edges in the 
reduced graph. To avoid this we have to consider the following cases: 
All the half-edges belong to different edges. We can apply the rule Pl- (see 
Fig. 4). 
XY or BE is an edge of G. Because of the symmetry let us suppose that 
X YEE(G). Since G #KS, 3 at least one of vertices E, X and C has not a common 
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Fig. 2. Shortening of a cycle 
Fig. 3. 4-cycle. Fig. 4. Reduction. 
Fig. 5. Transformation. 
third vertex. Let us assume that C is such a vertex. We obtain a part of graph 
represented on the left side of Fig. 5, which can be transformed by the inverse 
rule P2- to the case Bl. 0 
2. Expanding inductive definition of the class of bipartite cubic graphs 
Theorem. The inductive class Cn(K3,3; P) (see Fig. 6) is equal to the class VB of all 
(simple, connected) bipartite cubic graphs. 
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Fig. 6. Rule P. 
Fig. 7. No 4-cycle. 
Fig. 8. One 4-cycle 
Proof. The basic graph K3,3 is a simple connected bipartite cubic graph and the 
generating rule P preserves these properties. Therefore Cn(K,, 3; P) ~$9~. 
Let us now show that also %‘X,zCn(K,,,; P), i.e., that every GE%?~, different from 
K 3,37 can be reduced by the inverse rule P- to a smaller graph from gB. We have to 
consider two cases: 
(4 
(B) 
Graph G contains no 4-cycle. Then the neighborhood of every edge X Y has the 
form presented on the left side of Fig. 7. Since every connected bipartite cubic 
graph is 2-connected there exists at least one path connecting {A,B} with {C,D} 
and not passing through X Y. Because of the symmetry we can assume that there 
is an A-C path. Now, we can apply the rule Pp on the edge X Y as presented in 
Fig. 7. The reduced graph is also a simple connected bipartite cubic graph. 
Graph G contains at least one 4-cycle. In this case in the graph there exists a part 
of the form presented on the left side of Fig. 8. 
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Fig. 9. Reduction. 
If UC, VA+_!?(G) we can apply the inverse rule P- on the edge BD (see 
Fig. 8). 
Otherwise, because of the symmetry, let UCEE(G). By the same argument 
as in the case B2 in the proof of the previous theorem we obtain a part 
of graph represented on the left side of Fig. 9. We can apply the rule P- on 
the edge DV. 
This completes the proof of the theorem. 0 
3. Configurations n3 and bipartite cubic graphs without 4-cycles 
A configuration n3 [S] consists of n points 1, 2 ,..., n and n lines a, b,c, d ,... which 
satisfy the following conditions: there are exactly 3 points on each line; there are 
exactly 3 lines through each point; different lines intersect in at most one point; 
different points are connected by at most one line. 
Let C be a configuration n3. We assign to C a bipartite graph G(C) =( V, E), where 
V= Points u Lines and 
(p:l)~E -3 point p lies on line 1. 
G(C) is a bipartite cubic graph without 4-cycles. Because of the lines-points duality, 
each such graph determines two configurations n3. 
The described connection between cubic graphs and configurations n3 allows us to 
restate Martinetti’s construction of all configurations n3 [S, 71 as an inductive defini- 
tion of the class of all bipartite cubic graphs without 4-cycles. 
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